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NON-LINEAR PERTURBATIONS INDUCING
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IN A TRANSONIC FLOW7
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The development of time-dependent non-linear perturbations in a laminar boundary layer on a plate in
the case of transonic external flow is investigated. The study of the two-dimensional velocity field
reduces to solving an integrodifferential equation for a function which depends on time and one spatial
coordinate. The theory which is developed achieves a continuous transition from subsonic to super-
sonic flow since the above-mentioned governing equation contains the Burgers equation and the
Benjamin-Ono equation, by means of which the evolution of perturbations outside the transonic range
are described, as limiting cases.

THE GENERALIZATION of a triple-deck theory of the free interaction of a boundary layer [1-3] to
the case of transonic velocities can lead to differing estimates of the scales of the perturbations
depending on the role of unsteady effects. The problem with interaction in the transonic range,
considered for the first time in [4], admits of the introduction of time in the external potential
flow domain [5] without changing the estimates corresponding to stationary conditions. These
estimates, as was shown in [6], are established, for example, from the similarity laws which
occur in the theory [1-3]. Another mechanism for the wave propagation has been proposed in
[7], where the scales of the variables introduced necessitate the retention of the time-dependent
terms in the external domain as well as in the boundary domain.

Below, we describe an asymptotic analysis of non-linear perturbations, the amplitude of
which exceeds the value assumed in [7]. The concept of self-induced pressure in the case of
such amplitudes prescribes the normalization of the dependent and independent variables
which is different from that in [4, 5, 7], with the flow acquiring a four-deck structure. Estimates
of the quantities are introduced as combinations of the transonic parameter and powers of
Reynolds number. A special limiting transition to Mach numbers of the order of unity reduces
the asymptotic procedure under consideration to the previously proposed four-deck theory [8].

1. Let us study the longitudinal transonic gas flow around a flat plate under the assumption
that a perturbation of the form
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is introduced at a distance L * from the leading edge into the bulk of the boundary layer.

Here, the x* axis of the Cartesian system of coordinates x*, y* is directed along the velocity
vector of the free stream with Mach number M_, r*is the time, u* and v* are the components
of the velocity vector, p* is the density, p* is the pressure and p* is the dynamic coefficient of
viscosity. Dimensional quantities are indicated by asterisks, the subscript o refers to the
unperturbed state at infinity and the leading edge corresponds to x*=0. The arguments of the
functions with the subscripts 1m,2m, . ..are T=8"*Re"*U*L*"1*, X =§"?Re"*L*" (x*~
L*), Y, =Re?L*' y* Reynolds numbers Re=p*U*L*/u* — o, are considered, and the
amplitudes of the perturbations in (1.1) are specified in terms of a small parameter 6=
(M2-1)Q7', where Q.=0(1). The length of the perturbed domain in which X =O0(1) is
assumed to be small (compared to the scale L *) which, on introducing the constraint
Re'?<8<1, enables one to regard the profiles of the longitudinal component of the velocity
U, and the density R, of the initial steady-state solution in the boundary layer as depending
solely on the vertical coordinate Y.

The above-mentioned constraint is a consequence of the stronger inequality

Re % << §<<1 12)

which is assumed to be satisfied everywhere below. The meaning of (1.2) will be obvious from
the subsequent discussion.
On substituting (1.1) into the Navier-Stokes equations, after integration we obtain

au dA dR, ,
Uhm = Al(T,X)——°, Vim =—-—XLU0(Y,,,), Pim =4 ==, Pim = Pim (T, X)

dy, ) dy,,

. = 1 24 0A; dU, A
- Pim gy AL _ 4 A AUy 9, v
Vom = -Uon) =5 Y [ROUZ 1)4}',, M dY, oX Uo(¥m)

X o (13)
Um = _UO(Ym)plm - I —a'}%‘m'(“'

1{1 5, d*Ry, dU dR,) dR, X (0A ,
P2m=Ronm+'l‘]:[§'Al (Uo dY,z,o —dY: dY:)—dY,,; _f” ‘5‘%"‘“2»- dX

The functions A,(T, X), AT, X), p,.(T, X) in (1.3) are arbitrary. The limiting behaviour of
the unperturbed solution close to the wall, which we assume to be thermally insulated

U0=lem+ very R0=ro+ veey (Ym-') 0) (1.4)

shows that, when Y, = O(3), the first two terms in the representation of both u* and v* from
(1.1) become of the same order. Hence, in the lower part of the boundary layer, where the new
vertical coordinate Y,=87"Y, =8"Re"?L*"' y* is of the order of unity, the perturbations
become non-linear and the series (1.1) are transformed in the following manner

u vV o% P P =P 2
— =0, +..., ‘—.———-8 Vigteo —=h+.., '—,——‘—=8 at e 1.5

Functions with the subscript 1a depend on the arguments T, X and Y,. As a result of
representing their solution in the form of (1.5), the Navier-Stokes equations lead to

du au du;, 1 dp duy, o ap,
a a a _ a s a a , a _ 1.
a5y T Ve o, 1, X X * oy, 0 & =° (16)

a
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The non-viscous equations (1.6) imply the conservation of vorticity ®,, =0dw,,/dY, along the
trajectories of the gas particles. Assuming that the boundary layer is unperturbed at the initial
instant of time, we find from this that

1e = MYia + B, (T.X), v,,=-Y,0B,(T,X)/3X+D,(T,X)

The limits of the expansions (1.1) as Y,  — o rewritten in terms of the variable Y,, which,
when account is taken of the explicit expressions (1.3) and properties (1.4), have the form

5::‘=5l](ya+141)+..., ';%’—'ro + .., pp:,Uf” —szpl,,
0A 94, 9 139 (1.7)
—ly - AL Iy,

U,, ( Mo e aT “hd oy - Mo X )+

must be identical to the limits of expansions (1.5) as Y, —» e in accordance with the matching
principle. The condition which has been formulated, while uniquely defining the functions
B(T, X), D,(T, X), shows that p,,=p,,., and the principal terms with respect to & of series
(1.7) for u* and v* yield the solution of Egs (1.6).

Local roughness on the plate, the shape of which is specified by the equation

y* =8Re /A L'G (T, X) (1.8)

can serve as a source of perturbations of the form being considered.
The impermeability condition

v 9G, + i -a—QA
la BT la ax

on the surface Y,=G,(T, X) of the deformed segment of the plate which is embedded in a
non-linear non-viscous subdomain Y,=0(1) with the velocity field from (1.7) imposes the
relationship

d(A +G,

A 1
L2 0) (4 + G XALG) L D

aX Ay oX

(19)

on the unknown functions A,(7, X), p, (T, X).

In the case of the characteristic lengths and times introduced above, the thickness of the
viscous sublayer is much smaller than the height of the roughness (1.8) if inequality (1.2) holds.
In this sublayer, which is adjacent to the solid surface, it is appropriate to use the coordinate
N, =8"*Re"*(Y,-G,)=0(1). The flow parameters are then written in the following form

» >

u - pL
U‘ =8u”+..., g‘ =r0+..-, I;.Ulo’2 =62p”+“‘
oo o, ; e (1.10)
G, i, y
__.8/ y ) = eee
Ul ( ar M Tox Bu ue He?

Functions of the arguments 7, X and N, are marked with the subscript 1/ and the dimension -
less viscosity p, was calculated using the temperature T*/T*=1/r, of the unperturbed
boundary layer when Y, =0.

The Navier-Stokes equations, when their solution is represented in the form of (1.10), yield
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%+ duy, aull _}_al’u Ho 3’ oy

= 7 1.11
or M ax TN, T T ax T N (1.11)
L TRAY dp
—_— —— 0’ J -
x ", v, =0
To the no-slip conditions at the solid surface
uy=vy=0, (¥ =0) (1.12)

it is necessary to add the matching condition at the lower boundary of the non-viscous domain
which implies that p,, = p,,, and

uy— MA +Gy), (Nj— ) (1.13)

Let us now turn our attention to the fact that the coordinates N, and Y, become of the same
order when 8 =Re™"°. In the latter case, the non-linear domain merges with the viscous sub-
layer adjacent to the wall and the scales of the perturbations are identical to those considered
in{7].

2. Let us put Y, > . The limiting properties Uy (Y,)—>1, Ry(Y,)—1 then specify the
behaviour of expressions (1.3) and also the asymptotic form of the solution (1.1) at the outer
edge of the boundary layer

2 v’ 3% 04
_S1- R v 1. W
7 ™"
. .. @1)
p 2 P —P. 2
—‘-—)1+8 P TP T_)B +
P P pruZ 7 Pim

If the thickness of the three flow subdomains which have been introduced above is smaller
in order of magnitude than their length in the longitudinal direction the situation is the op-
posite in the external subdomain above the boundary layer: in the case of transonic flow, the
scale of the vertical coordinate y*=82Re™"?L*Y,, where the new variable Y, =O(1), exceeds
the remaining previous scale 8*?Re™? with respect to the coordinate x*. When Y, -0, the
perturbations (2.1) induce in the external domain Y, — O(1) a gas parameter field

L 14+ 8%uy, +8uy, + .. D__ghu, +8%v,, +
U, U.
(22)
P =1+8%p, + 8%, + -’;—:E’-’i’--82p1“+6 Pou + e ME=1480,
Functions with the subscript 1u,2u, . . . depend on the arguments 7', X and Y,. On intro-
ducing formulae (2.2) into the system of Navier-Stokes equations, we obtain
a(P a‘Plu
=P ="y W= * Vi =55 2.3
Pru =P1 1 | ax 1 a7, 23)

In the next approximation, we have

aplu au?,u apZu a\)lu — aulu au’lu aplu =0
ot T Tar, 0 r T ox T ox 4
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aulu + t:)1)2u + apZu =0 aplu ap2u = aplu -0 aplu apZu
aT T ox Tar,  or T _or T ax T aX

Relationships (2.3) are supplemented by the equation for the potential

az(P ‘Pl 2
—%ﬂ- 2.
257ox amx ) & 0 235)

which is the condition for the system of equations to be solvable in the second approximation
(2.4). The boundary conditions

99,,(T,X,0) 09, (T,X,0) _ 3A(T.X)
aea—— T’x » = = - .
X Pu(T.X) ar, X (26)

follow from the matching with (2.1).
The affine transformation

T=bt, X=bx, Y,=by, N =bnm, Y,=by,
w,=bu, v, =by, w=bY, Vy=bY, p,=bp @7)
Al = byA’, Ga = byG, (plu = ¢(p, Q,, = qu..
eliminates the constants A,, r, and p, from the subsequent treatment if one puts
b = (22114%4”(5))‘,%, b, = @Mrpe) %, b, = @A rfus?) 4
b= W)k, b, =@N%udB, b, =(2'2 Nrous)® (2.8)
by = @Ay B, by = @3Nty A, b, =@ Ntud)h
in (2.7).

Let us use the notation A =A’+G. Provided that there is no singularity in the solution of the
problem

au, au, 9y ap %y, _a_u_, vy _

__» =0
a T T T T m & o, 29)
=0:uy=v,=0, n —oo:uy — A(t,x) (2.10)

the viscous sublayer adjacent to the wall has no effect, in the approximation being considered,
on the flow parameters in the upper subdomains. The closed system of non-viscous equations

9%¢ K. 2¢ Bz

k. Sg- 5 =0 (2.11)
AL A8_ % 212
ot +A ox  ox @1
p(r,x,0) _ P, 99(1,x,0) _ 9AQ, x) , 9G(t,x) (2.13)
dx Iy, dx ox

enables one, independently of (2.9) and (2.10), to find the functions A(t, x), p(t, x) and,
thereby, to find the velocity field in the non-linear non-viscous subdomain

ua=na+A, \)‘,:—na—a—x-+-$+u,,x, ’lu=)’a—G
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as well as in the bulk of the boundary layer using the explicit expressions (1.3).
On making the substitution

x,=x-(0+K D), t,=x+(1-K. )N

in (2.11), we obtain a wave equation for which the following representation holds [9]

II a(P(T\.,g..O) dntdg‘
s, ayu 'J(l. —T];)z "(xn.“g-)z

Here S is the domain of integration M. <f.— Ix. —&.1. On returning to the variables ¢ and x
and eliminating p(z, x) using (2.13) and (2.12), we have

A A 19 [aA(n £) _9G(n, é)] dndt 2.15
petl i VE-mx-E) -k (t-1)’ ¢

—_—t A=
or ax  mox’s
where the integration sector § is established by the inequalities

(P(tuxt vo) =-

n<t, E<x-K.(t-m) (2.16)

When K — +, Eq. (2.15) becomes the Burgers equation

0A ,0A_ 1 [d%A 9%G
A= - 2.17
FYIF Ia oy [a_xf 5?] @10

Actually, the domain of integration (2.16) in this limit is enclosed between rays which make a small
angle. Consequently, the integrand A(n, &) (as well as G(n, §)) can be replaced by A(t, &), and, after
integrating with respect to the variable n, we then obtain (2.17) instead of (2.15).

The other limiting case when K_ — —o corresponds to integration within an obtuse angle
close to ©. The narrow domain of small 1—n makes the main contribution since, in the
remaining part of the sector (2.16), double differentiation with respect to the variable x in Eq.
(2.15) leads to a quantity of the order of |K_I*">. As above, let us replace the function A(n, &)
for small t—m by A(, &), and then, after some simple reduction, we arrive at the Benjamin-
Ono equation [10, 11]

4,04 1 -f[aAz(;,g) aG’(r,g)]d&

wE LT e &9

o o&*

Here, the integral is understood in the sense of a principal Cauchy value.

The integrodifferential equation (2.15) is a consequence of the interaction of a non-viscous
boundary subdomain with an external potential flow through the bulk of the boundary layer,
which plays a passive role. The non-trivial question concerning the existence of a regular
solution of the Prandtl equations (2.9) with a pressure gradient specified using the function
A(t, x), found from (2.15) serves as an intrinsic criterion of the realizability of the four-deck
structure of the perturbations which has been introduced above.

3. Let the surface of the plate be unperturbed (G =0). A non-linear motion which is induced
by some method is then governed by Eq. (2.15) with a uniform right-hand side II(A) The
equivalent way of writing out the operator TI(A) in the form

1 92~ =0A(t-1,x-K_1-V) adv
nica)= azf"” Y o
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is convenient when the solution is sought in the form of a travelling wave A= A({), {=x-ct.
When K_ <c, we have from (2.15)

d’A

(A_c)ﬁ.—_- 1 ———
dg ;]K,, -c di?

When K_ <c, we again arrive at the Benjamin—Ono equation.
A single soliton solution of Eq. (2.15)

A= 4c
1+ cz(c- K.‘,)(Jr—ct)2

(3.1)

exists when K_<c<0. As can be seen from (3.1), the phase velocity of the soliton uniquely
defines its amplitude 4¢. The “mass” of the soliton

s 4n
Adx=—2"
A=K

3.2
is a function of the parameters occurring in (3.1). We note that, in the subsonic range, a
quantity, analogous to (3.2), is independent of the phase velocity in the case of a single soliton
perturbation. The integral characteristic (3.2) is important in the mechanism of the generation
of solitons [12].

The periodic solution of Eq. (2.15)

242 - G ’ 33
A=ZZC—_K,,) 1_[1_m] cos[k(x - c1)] (33)

also assumes that K_<c<0.
Following [13], let us represent function (3.3) in the form of a chain of equidistant solitons

o 45
A= 34
n=2_,, l+s7'(c-—K,,,)(x—ct—-2mtk"')2 G4
where
o) k
=¢c—, = —_—, c< 0 3—5
arcth® c(c-—K.,)% ©3)

Each term in (3.4) tends to the solution of a type of solitary wave (3.1) in the limit when
s —¢ which is attained, according to (3.5), when 68— 0. Since |sli<lc| always, in the general
case the individual elements of the chain (3.4) are not solutions of Eq. (2.15) but only satisfy
this equation in the sum as a result of the non-linear interaction.

Let o be a parameter. Equation (2.15) is invariant under the transformation

x=ox-oa; A->A+a, K, K -« (3.6)

and hence, along with (3.3), the function

1-02

A=c+ 3
1+0* ~2ccos{k(x - ct)]

k [ 1+ 02 37)

=2F|, F=
(c-K)%1-0’ ]

is also its solution. The four parameters appearing in (3.7) are governed by the constraints
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0<o<l, ¢>K_, k>0. We note that, unlike (3.3), the phase velocity ¢ in (3.7) can have any
sign. In the case when

o’:(l:A)% A= k c(o
1+4A) lclc—K. )2

we return to (3.3). The identity
F=1+2Y o" coslnk(x~ct)]

n=1
implies that the amplitudes of the harmonics in the Fourier expansion of the function (3.7) are
not series in the parameter ¢ but are single terms in powers of n.

4, We will now consider the question of the existence of a regular solution in a boundary
sublayer n,=0(1) when the periodic function (3.7) is chosen as the external boundary
condition when n, — e, Equation (2.15) is invariant under the transformation

t— B%t, x-px, Ao B'%A, K.- B'%K.. (4.1)

which depends on the parameter §. The family of solutions (3.7) is mapped on to itself by the
transformation (4.1) since its action on a function from the given family is equivalent to the
substitution k — Bk, c—p*’c, K. > p*°K_.

We will first consider a stationary 2n-periodic function

A= (-Ki v [—1 + 2,.% (oz" -20"cos nx)] 4.2)

from the family (3.7). We will seek a stationary 2x-periodic solution of the system of Prandtl
equations (2.9) with a pressure gradient dp/dx=-Y,dA*/dx specified in terms of A from (4.2)
and the boundary conditions &, > A (n, —); ¥, =c, v, =0 (n,=0). Here, we introduce the
velocity ¢, of the wall along a tangent to itself as the additional parameter of the problem. It
will follow from the subsequent account that the solution sought does not exist for all c,.

Let us put

€y =

(-So - El O"Su) (4.3)

(K.Y

The system of Prandtl equations for the boundary layer undergoes the transformation
(oYL xoNx oy (‘Yﬂil)yz)’l (44)
R T R A (T 2 Y V., PO

which depends on the two parameters v, and y,. Let us take v, =—1 and y,=c, <0. Then, the
application of (4.4) leaves system (2.9) unchanged, and the boundary conditions take the form

=1 v,=0 (n=0) w-u. (n ) 4.5

where u_ = Ac;'. From (4.2) and (4.3) we have

2
u, =L l—o(fl——4cosx)—02(2+£3--§'—+4icosx—4c032xJ+...] (4.6)
So So S S 0
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The conditions [14]
2n 2K 3 4
[ Qdx=0, [ (u_-u,)dx=0(c") 4.7
0 0

for a stationary 2n-periodic solution of the system of Prandtl equations to exist were invoked in
the case of the boundary-value problem (4.5) with a function u_ which can be represented in
the form

2 =1+ % 6°0,(x), 0,(0)=0,(2m)

a=]

The second condition from (4.7) holds if the Fourier series for the quantity Q,(x) only contains
the first harmonic. The expansion (4.6) complies with this requirement.

Let us assume S;=1. It then follows from (4.7) that §, =0 and §,=10. For brevity we will
confine ourselves to the first terms of series (4.3) since the procedure for calculating the
subsequent terms in the expansion with respect to ¢ is analogous to that given in [14].

The derivation of Eq. (2.15) and the formulation of problem (2.9), (2.10) corresponds to a
fixed wall. Using (3.6), we change to a coordinate system where the wall is fixed. Returning
from u_to A, we conclude that, in the case of an external boundary condition of the form

1 ot 2n n
A = - B ——— o _1 2 - 2 h
Co+ Con “)35 { + ’E,l [o o” cos[n( t+cot)]]} (4.8)

a2m-periodic solution exists in each sublayer if the relationship

l oo
g =———m——1 1+ c"S
0 ( o KN )% ( nEl n) (49)

which implicitly determines the phase velocity in (4.8), is satisfied.

We will now extend the result to any period using (4.1), where it is necessary to put p==k.
Then, instead of (4.8), we return to the function (3.7), in which the phase velocity c=k>"Ic,|,
as the external boundary condition. As far as the viscous sublayer is concerned, in the steady-
state solution of the Prandtl equations for A specified using (4.2), it is necessary to make the
substitution u, > u+Ic, |, x, - x,—Ic, |t with ¢, from (4.9), having made use of their invariance
with respect to (3.6), and then to carry out the transformation (4.4) with y, =k, v,=k7". Asa
result of this substitution, the new solution of system (2.9) now satisfies conditions (2.10) with
the function A from (3.7). We note that, in (4.9), the change in K_ on changing to a moving
system of coordinates according to (3.6) has been taken into account.

Hence, a solution of the Prandtl equations in the viscous boundary sublayer with no-slip
conditions at the fixed wall and a pressure gradient I1(A), specified using the function A from
(3.7), exists if the following relationship between the four parameters in (3.7) holds

k=clc-K.)P(1-100% +...) (4.10)

For ¢ =0, expression (4.10) is a dispersion relationship in the linear theory of the stability of
a boundary layer in the case of transonic external flow velocities which agrees, apart from the
scale factors (2.8), with that obtained in [15].

5. The parameter K_ may be eliminated from the Burgers equation (2.17) and the
Benjamin-Ono equation (2.18), which hold in the case when | K_|— o, using an affine trans-
formation, the choice of which is not unique. However, the transformation, which eliminates
the parameter K_ from (2.17) and (2.18) with the additional requirement of the invariance of
problem (2.9), (2.10) as well as relationships (2.14) with respect to it, is uniquely defined
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1ok %, xolk TRy, y, oIk TRy,
u, —)IK_I'xua, v, —)IK_l%ua, p—-)lK..l“%p [CR))

AR %4, Glk.IT%G

The coefficients of the extension of the functions with the subscripts a and / are identical. Let
|K_ 1= 0(@%™"). It follows from M2 =1+8Q. and (2.7), (2.8) that

1K 1= 5712752 %80 B 2 (5.2)

Superposition of the two transformations (5.1) and (2.7), taking account of (5.2), yields

¢ =8 ARe % LUK M2 ik
x* =8 ARe A LA B him2 -1 x

y* =8ARe B LA K B tomz — 1k
(53)
u* =AU M Aplam? —1r K e

v =8 AU A M2 1 o0
p* = pl, +8ApLU BB IME 1 p°

Dimensionless variables in the special system of units defined by (5.3) are indicated by the
zero superscript and, as previously, dimensional quantities are indicated with an asterisk.

It is necessary to put A=38"%in (5.3). In terms of the small parameter A, we then obtain
complete agreement with the normalization of the quantities in the four-layer theory [8]. In the
case when A=Re™*, we return to the classical version [1-3] of the theory of free interaction.

The order-of-magnitude relationship | M2 —11=0(3) in (5.3) makes the choice of the scales in
(1.1), (1.5), (1.10), and (2.2) obvious. The continuous transition over the critical Mach number
in the asymptotic equations obtained as a consequence of the estimates specified by (5.3),
together with (5.2), subject to the condition K_=0(1), is associated with the non-linear nature
of the flow.

REFERENCES

1. NEILAND V. Ya,, On the theory of laminar boundary layer separation in a supersonic flow. Izv. Akad. Nauk SSSR,
Mekh. Zhid. i Gaza 4,53-57,1969.

2. STEWARTSON. K. and WILLIAMS P. G., Self-induced separation. Proc. Roy. Soc. London. Ser. A. 312, 1509,
181-206, 1969.

3. MESSITER A. F., Boundary-layer flow near the trailing edge of a flat plate. SIAM J. Appl. Math. 18, 1, 241-257,
1970.

4. MESSITER A. F,, FEO A. and MELNIK R. E., Shock-wave strength for separation of a laminar boundary layer at
transonic speeds. AIAA Jnl 9, 6,1197-1198, 1971.

5. RYZHOV O. S., On the unsteady boundary layer with a self-induced pressure at transonic external flow velocities.
Dokl. Akad. Nauk SSSR 236, 5,1001-1094, 1977.

6. STEWARTSON K., Multistructured boundary layers on flat plates and related bodies. Advances in Applied
Mathematics, Vol. 14, pp. 145-239. Academic Press, New York, 1974.

7. RYZHOV O. S. and SAVENKOV L. V., On the stability of the boundary layer at transonic external flow velocities.
Prikl. Mekh. Tekhn. Fiz.2,65-71,1990.

8. ZHUK V. I. and RYZHOV O. 8., On local inviscid perturbations in a boundary layer with a self-induced pressure,
Dokl. Akad. Nauk SSSR 263, 1, 56-59,1982.

9. MILES J. W., Potential Theory of Unsteady Supersonic Flows. Fizmatgiz, Moscow, 1963.



Non-linear perturbations inducing a natural pressure gradient 835

10. BENJAMIN T. B., Internal waves of permanent form in fluids of great depth. J. Fluid Mech. 29, 3, 559-592, 1967.

11. ONO H,, Algebraic solitary waves in stratified fluid. J. Phys. Soc. Japan 39, 4,1082-1091, 1975.

12. ZHUK V. L. and POPOYV 8. P., On solutions of the inhomogeneous Benjamin-Ono equation. Zk. Vychisl. Mat.
Mat. Fiz. 29, 12,1852-1862, 1989.

13. MILOH T. and TULIN M. P., Periodic solutions of the DABO equation as a sum of repeated solitons. J. Phys. A:
Maths and General 22, 7,921-923, 1989.

14. WOOD W. W., Boundary layers whose streamlines are closed. J. Fluid Mech. 2, 1,77-87,1957.

15. ZHUK V. L, Asymptotic forms of the upper branch of the neutral curve at subsonic and transonic external flow
velocities. Zh. Vychisl. Mat. Fiz. 31, 11, 1716-1730, 1991.

Translated by E.L.S.



